Abstract. In this research, the combination of Fourier sine and cosine series is employed to develop an analytical method to conduct the free vibration analysis of an EulerBernoulli beam with varying cross-sections, fully or partially supported by a variable elastic foundation. The foundation sti ness and cross-section of the beam are considered as arbitrary functions in the beam's length direction. The idea behind the proposed method is to superpose Fourier sine and cosine series to satisfy the general elastically end constraints; therefore, no auxiliary functions are required to supplement the Fourier series. This method provides a simple, accurate and exible solution to various beam problems and is also able to be extended to other cases whose governing di erential equations are nonlinear. Moreover, this method is applicable to plate problems with di erent boundary conditions if twodimensional Fourier sine and cosine series are taken as a displacement function. Numerical examples are carried out, illustrating the accuracy and e ciency of the presented approach.
Introduction
The application of non-uniform beams resting on an elastic foundation in civil and mechanical engineering has resulted in a number of extensive studies. Researchers have proposed various analytical and numerical methods to analyze vibrations of Euler-Bernoulli beams with varying cross-sectional properties. Jategaonkar and Chehil [1] calculated the natural frequencies of beams with inertia, area, and mass varying in a general manner. Katsikadelis and Tsiatas [2] applied the analog equation method to analyze the nonlinear dynamic response of an Euler-Bernoulli beam with variable cross-sectional properties along its axis under large de ection. Nikkhah Bahrami et al. [3] used a wave propagation method to calculate the natural frequencies and related mode shapes of arbitrary nonuniform beams. Huang and Li [4] used Fredholm integral equations to solve natural frequencies of the free vibration of beams with variable exural rigidity and mass density. Au et al. [5] analyzed vibration and stability of axially loaded non-uniform beams with abrupt changes of cross-sections based on the EulerLagrangian approach using a family of c 1 admissible functions as the assumed modes. Naguleswaran [6] investigated the transverse vibration of an EulerBernoulli beam of constant depth and linearly varying breadth. Firouz-Abadi et al. [7] applied an asymptotic solution to investigate the transverse free vibration of variable cross-sectional beams. Datta and Sil [8] used Bessel's functions to evaluate the natural frequency and mode shape of cantilever beams of varying crosssections. Banerjee et al. [9] used the dynamic sti ness method to study the free vibration of rotating beams of linearly varying heights or widths. However, some research works have concentrated their analysis on dynamic behavior of beams of some speci c variations in cross-sections. This is comprised of such parabolic thickness variation [10] , bi-linearly varying thickness [11] , linearly variable depth [12] , and those with exponentially varying width [13] .
In addition to analytical solutions, some numerical and approximation methods, including niteelement method [14] [15] [16] [17] , variational iteration method [18, 19] , and approximate fundamental solution [20] , have been developed in order to deal with the vibration analysis of beams.
The underlying elastic foundation usually modelled as the Winkler or Pasternak foundation [21, 22] has been also a subject of interest in many studies. Some of them have considered the elastic foundations with variable modulus to present a more precise behavior of the foundation. Ding [23] reported a general solution to vibrations of beams on variable Winkler elastic foundation. Eisenberger [24] presented a method based on the dynamic sti ness matrix basically to nd the natural frequencies of beams on variable one-and two-parameter elastic foundations. Eisenberger and Clastornik [25] solved eigenvalue problems of vibration and stability pertaining to a beam on a variable Winkler elastic foundation. Soldatos and Selvadurai [26] solved the static problem of the exure of a beam resting on an elastic foundation with a hyperbolic modulus. Pradhan and Murmu [27] used the modi ed di erential quadrature method to analyze a thermomechanical vibration of functionally graded beams. This also includes functionally graded sandwich beams resting on variable Winkler and two-parameter elastic foundations. Payam [28] investigated the e ect of the surface contact sti ness on both exural and torsional sensitivity of a cantilever beam immersed in a uid.
Another set of mathematical solutions applied by the researcher to study the vibration problems of beams on elastic foundation is series expansion methods. Mutman and Coskun [29] used Homotopy Perturbation Method (HPM) to investigate the problem. This method is an analytical approximate technique deforming a linear or nonlinear problem into a series of linear equations. However, in this procedure, the initial solution approximation should be chosen appropriately to avoid in nite iterations. Ho and Chen [30] employed the Di erential Transform Method (DTM) which is derived from Taylor series expansion to solve the free and forced vibration problems of a general elastically end restrained non-uniform beam. Catal [31] obtained frequency factors of a xed-simply supported beam with axial load resting on elastic soil, using a di erential transform method. Hassanabadi et al. [32] developed a method based on the series expansion of orthonormal polynomial to study the transverse vibration of thin beams with variable thickness. Some researchers have also explored the implementation of the Fourier series for the analysis of beams. Wang and Lin [33] used a Fourier series to study dynamic behavior of uniform beams with arbitrary boundary conditions. However, in their method, the free boundary condition is missing. Li [34] employed polynomial functions as auxiliary functions which are added to a Fourier cosine series merely to solve the free vibration of uniform beams with general boundary conditions.
In the previous papers, the Fourier sine series was applied to investigate the free vibration of beams [35] and plates [36] with a constant cross-section, which are partially supported by uniform elastic foundation. The solution proposed in these two articles has satis ed simply supported and clamped boundary conditions. In this paper, the Fourier sine series was combined with the Fourier cosine series to analyze the free vibration problem of a beam with any arbitrary varying crosssections and fully or partially supported beams by a variable elastic foundation. The presented approach deals with any boundary conditions of the beam. Fourier analysis takes advantage of the periodic and orthogonal trigonometric functions that can represent any continuous and discontinuous functions to simplify the solution to the original problem. These bene ts make the Fourier analysis a simple, extensive and reliable solution in mathematics.
2. Mathematical formulation 2.1. Governing di erential equation Figure 1 shows an Euler-Bernoulli beam with varying cross-sections resting on an elastic foundation. The beam is supported by a translational spring and a rotational spring at both ends. The di erential equation of the transverse vibration of this beam can be expressed as follows [7, 23] 
where , E, A(x), I(x) are the mass density, modulus of elasticity, cross-sectional area, and the moment of inertia, respectively; F (x; t) is the dynamic transverse displacement; K(x) is the Winkler's foundation modulus considered to be inconstant along the beam; P (x; t) is the dynamic transversely-distributed force; x represents the position of each point on the beam, and t represents time. Using separation of variable technique (i.e., F (x; t) = W (x)e i!t and P (x; t) = p(x)e i!t ), one can represent Eq. (1) as follows:
where ! is the natural frequency, and i = p 1.
The bending moment and shear force are given respectively by:
Let us introduce dimensionless variables as found in the following:
where A(0) and I(0) are respectively the area and moment of inertia for the cross-section of the beam at its left end where x = 0 and L is the length of the beam. In addition , w(), A(), I(), k(), and ! denote the non-dimensional forms of x, the beam displacement function, the beam's cross-sectional area function, the moment of inertia function, the sti ness function of the foundation, and frequency parameter, respectively.
Regarding the above variables and Eq. (3), one can rewrite Eq. (2) as follows:
where:
2.2. The proposed solution based on the Fourier cosine and sine series
The newly proposed method is stated in this section utilizing the Fourier sine and cosine series simultaneously. At rst, two beams are de ned vibrating transversely with di erent boundary conditions. Figure 2 shows the rst beam supported by a slider at both ends. This kind of support is xed against x-direction rotation while allowing the beam ends to translate vertically. Equilibrium equation (6) of this beam can be written as follows:
where w c () and M c () are referred to as the displacement and bending moment of the beam modelled by the cosine series. At the same time, p L and p R are dimensionless concentrated loads on the left and right ends of the beam, respectively, and is the Dirac delta function.
One can assign a cosine series to the bending moment function and similarly to the displacement function as follows: M c () = 1 X n=0 a n cos n; (10)
b n cos n;
where a n and b n are Fourier coe cients considered as unknown parameters. The proposed series satis es boundary conditions as follows:
Fourier cosine series de ned by Eqs. (10) and (11) can be substituted for the bending moment and displacement functions found in Eqs. (7) and (9) . The Dirac delta function is also required to be transformed to Fourier cosine series. Hence, Eqs. (7) and (9) become: 1 X n=0 a n cos n = 1 X n=0 b n n 2 2 I() cos n;
1 X n=0 a n n 2 2 cos n +
Multiplying both sides of Eqs. (13) and (14) by cos m (m = 0; 1; ) and integrating = 0 to 1, one can obtain the following equations: In order to make a system of equations, one can truncate the series to the rst N +1 terms and consider n and m from 0 to N and expand Eq. (15) as follows: 
Eq. (16) can be also expanded as follows:
The second beam shown in Figure 3 is a simply supported one subjected to concentration moments at both ends. The governing di erential equation of this beam is expressed as follows:
where w s () and M s () are respectively the displacement and bending moment functions pertaining to the beam modelled by the Fourier sine series. Thus, p 1 and p 2 are two force couples creating concentration moments at both ends. In addition, " denotes the distance between two forces of the couple, su ciently close to zero, while the magnitude of forces approaches in nity. The product converges to the respective moment [35] :
where M L and M R are the concentrated moments at the left and right ends of the beam, respectively.
For a simply supported beam, the transverse displacement and bending moment at x = 0 and x = L e n sin n;
where d n and e n are unknown coe cients. By putting Eqs. (22) and (23) into Eqs. (20) and (7) and transforming the right-hand side of Eq. (20) into the Fourier sine series [35] , one can get: 1
e n n 2 2 I() sin n;
Similar to the beam problem solved by the cosine series, one can multiply both sides of Eqs. (24) and (25) 
Eqs. (18), (19), (29), and (30) constitute a collection of 2N + 1 equations with 2N + 5 unknowns. This includes Fourier sine and cosine coe cients joined with four unknown end forces and moments (i.e. p L , p R , M L , and M R ). In order to have a system of equations with the same set of unknowns, one needs four more equations which are developed through the exertion of boundary conditions. Moreover, boundary condition equations do establish an association between two sets of equations developed separately with the cosine and sine series.
Boundary conditions
The beam studied in this paper is restrained with a transversal spring and a rotational spring at both ends. Therefore, the sum of concentrated loads applied to both ends of the rst beam along with shear forces generated at both edges of the second beam should be proportional to the respective end displacement of the rst beam. Thus, one can use Eq. (4) and write the following equations: Applying non-dimensional parameters gives:
Using Eqs. (11) and (22), we can extend Eqs. (33) and (34) as follows:
b n cos n = 0: (37) Similarly, the sum of bending moments of the rst beam and concentrated moments of the second beam at both ends is commensurate with the rotation angle of the respective edge of the second beam as:
where K L and K R are rotational spring constants at the left and right ends of the beam, respectively. Moreover, W s and M c are respectively the displacement function of the beam modelled by the sine series (the second beam) and bending moment function of the beam modelled by the cosine series (the rst beam).
In the non-dimensional form, Eqs. (38) and (39) become:
in which:
Substituting Eqs. (10) and (23) 
Numerical examples and veri cation
In this section, a number of case studies are conducted to demonstrate the introduced method. Initially, two examples are modelled while choosing di erent terms of truncated series, N, and are compared with those of the previous work to verify the proposed solution. The rst example is a cantilever beam with a rectangular cross-section. The width of the beam is kept constant, while the height varies linearly as follows:
where h(x) is the height of the beam, h 0 is the height of the beam at x = 0, and c is the taper ratio constant. The beam is clamped at = 0 and is free at = 1. The rst three dimensionless natural frequencies ! of this beam with di erent values of the tapered ratio constant are calculated using a developed solution and are shown in Table 1 . The results are compared with those obtained by Banerjee et al. [9] . The comparison indicates excellent agreement between two results.
The second example is a simply supported beam resting on the variable Winkler elastic foundation with linear and parabolic moduli, investigated by Ding [23] . In this example, the elastic modulus for the linear foundation is de ned as follows:
For parabolic foundation, we have:
where and are variation parameters, and k 0 is the foundation constant at = 0. Tables 2 and 3 report the rst three nondimensional natural frequency parameters p ! which pertain respectively to linear and parabolic foundations regarding di erent amounts of , , and k 0 ; they are compared with the results presented in [23] . In this case, the results, which entirely comply with those obtained by Ding [23] , are independent of N and do not change when N increases.
The results presented in Tables 2 and 3 indicate that the natural frequencies of the beam resting on a foundation with a parabolic modulus are relatively greater than those of the linear foundation with the same k 0 and a variation parameter. Thus, a parabolically varying foundation provides sti er support than an equivalent foundation does, with a linear modulus. However, this increase is more considerable in the rst mode than in the other two is and also becomes more discernible when the variation parameter gets larger.
Some other case studies with various characteristics are included in this section to illustrate the applications of the presented method. In all the following cases, h(x) stands for the height of the beam, and h 0 is the height of the left side of the beam. For obtaining the results, the rst 80 terms of truncated series have been considered (i.e., N = 80). Figure 4 displays a beam whose one end is xed and the other is supported by a spring with sti ness coe cient, K T R . The beam's cross-section is assumed to be rectangular with constant width and exponentially varying thickness. It is worth mentioning that exponentially varying beam's cross-sections may provide an appropriate distribution of mass and strength to resist dynamic forces such as wind, earthquake, uid pressure, etc. Therefore, they are used in mechanical components (such as turbine blades, helicopter blades, etc.) and also in robotics, aeronautics, architecture, and other innovative engineering applications.
The non-dimensional height function can be written as follows:
where is the variation parameter of the beam's height. Figure 5 shows the rst, second, and third natural frequency parameters of this beam, p !, versus spring parameter K T R for = 0:4; 1; 0:4; 1. According to Figure 5 , since the mass distribution in the exponentially decreasing height of the beam to the spring is further than that in the exponentially heightening height of the beam, the natural frequencies of the former converge more rapidly to a constant value than those of the latter, when K T R increases. However, for lower amounts of K T R , the rst and second natural frequencies of the exponentially decreasing height of the beam are more sensitive to the sti ness parameter of the spring.
In the next case, a beam with a rectangular crosssection, a parabolic thickness variation, and constant width, which is supported partially by the Winkler elastic foundation, is studied. The elastic foundation is distributed under the beam from x = L=4 to x = 2L=3, and the foundation sti ness varies linearly. Table 4 for c = 0:8 and variable amounts for and k 0 .
The subject of our next case is the movement of a partial elastic foundation spread under one-fourth of the beam. Figure 6 shows a cantilever beam with a rectangular cross-section in which the characteristic height is constant, while the characteristic width varies exponentially along the length of the beam. Therefore, 
where b(x) is the function of the width, b 0 is the width of the beam on the left side, and is the variation parameter of the width function. The partial elastic foundation occupying onefourth of the beam's length moves under the beam. Parameter used in Figure 6 is the distance between the center of the elastic foundation and the left side of the beam. In addition, k 0 is the dimensionless sti ness parameter of the elastic foundation, which is assumed to be constant.
The rst three natural frequencies ! against are drawn and shown in Figure 7 for k 0 = 1000 and = +1; 1. According to Figure 7 , both the exponentially narrowing beam (i.e., = +1) and exponentially widening beam (i.e., = 1) roughly show similar behavior in all three modes against the movement of the elastic foundation. Moreover, it can be inferred from Figure 7 that in higher mode frequencies in which the modal shape functions have more turning points, the frequency curves versus the movement of the foundation show more C and complicated behavior.
Conclusion
The sine and cosine Fourier series were employed in this paper in order to obtain free natural frequencies of beams with variable cross-sections, fully or partially supported by the non-uniform elastic foundation. It was shown that this new mathematical method could deal with any function describing the variability of the beam's cross-section and the variability of the foundation sti ness. The proposed solution combined the properties of sine and cosine series to satisfy any boundary condition. The presented results do agree with those reported in the literature, showing the related accuracy. Some other numerical examples were incorporated into this research in order to signify the applications of this new analysis.
The advantages of the Fourier series make this analysis easier and more extensive than any other existing solutions. This analysis can be extended to the forced vibration and buckling problems of beams. If a two-dimensional Fourier series is considered, the presented method will be also applicable to the vibration of plates with varying cross-sections resting on the variable elastic foundation, which is the subject of our future studies. 
